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 A B S T R A C T

Tidal barrage power plants leverage the daily variations in sea water level to generate electricity. Optimising 
tidal barrage operation requires the solution of an associated continuous-time optimal control problem, by 
looking at the past tidal elevation, as well as the predicted tidal elevation during subsequent tidal cycles. 
Although highly predictable, the tidal level variations are also influenced by stochastic weather conditions, 
which are often neglected when assessing tidal barrage energy generation. In this study, a receding-horizon 
control framework is proposed, whereby optimal operation of tidal barrages can be computed, while including 
both past observations of the tidal elevation, as well as a tidal level forecast, based either on weather data or 
on the astronomic tide alone. At each step of the receding-horizon algorithm, tidal barrage optimal operation 
is computed using moment-based control, a mathematical method that enables the transcription of the infinite-
dimensional tidal barrage optimal control problem onto a finite dimensional nonlinear programme. With this 
framework, the impact of considering the storm surge within the control calculations, as opposed to only 
considering astronomic tidal forcing, is assessed. Including a state-of-the-art weather-informed forecast, as 
opposed to a purely astronomic forecast, in the representation of the tidal elevation is shown to improve the 
performance of the controller, highlighting the value of accounting for the storm surge when computing tidal 
barrage optimal operation.
1. Introduction

Deployment of renewable power plants is key to decreasing green-
house gas emissions and sustainably tackling climate change. Among 
the different renewable energy sources available, the tidal range, i.e.
the difference between high and low sea water level, is slowly varying, 
and highly predictable, since the bulk of tidal forcing is originated 
by interactions between the Earth and the Moon, and between the 
Earth and the Sun. The potential energy from the tidal range can be 
harnessed by tidal barrage power plants. Fig.  1 shows a schematic 
representation of a tidal barrage, where an embankment, with turbines 
and sluice gates, is placed in a coast or estuary, separating a basin from 
the open sea. As the tidal level rises and falls, the difference in water 
level inside and outside the basin drives water through the turbines, 
generating mechanical power. This mechanical power is subsequently 
converted into electrical power by electrical generators, coupled to the 
turbines. The sluice gates, placed along the barrage wall, add flexibility 
to the barrage operation by increasing the flow through the barrage, 
without power conversion. Additionally, turbines can be operated to 
pump water into and out of the basin during certain periods, increasing 
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available potential energy, and subsequent power generation. Examples 
of large-scale operating tidal barrages are La Rance, in the north of 
France, and Sihwa Lake, in South Korea; on the other hand, several 
projects have been proposed along the coast of the UK [1], where the 
tidal range is one of the highest around the world.

In tidal barrages, turbine generation is a function of the turbine 
flow, 𝑄𝑡, and the head 𝐻 , i.e. the difference between the inner basin 
level, 𝑛𝑖, and the outer sea level, 𝑛𝑜. 𝑛𝑖 depends on previous operation 
of the barrage, i.e. how much the basin has been previously filled or 
emptied, subsequently affecting 𝐻 ; moreover, turbine flow 𝑄𝑡, at a 
certain time, not only determines instantaneous power generation, but 
also conditions the future available head 𝐻 , that is, how much power 
can be generated during subsequent cycles. Hence, optimising tidal 
barrage operation should be formulated as an optimal control problem 
(OCP) during a time window, where past and future tidal cycles are 
included, which suggests the need for a tidal level forecast.

As a first step, the tidal elevation at a particular location can 
be approximated by the sum of astronomic constituents, which are 
harmonic functions, each representing different periodic astronomical
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Nomenclature

 Extended vector of collocated time instants
𝐴𝑏 Basin wetted surface area [m2]
𝐴𝑠 Sluice gate area [m2]
𝐴𝑛𝑎
𝑠 Sluice gate area solution using 𝑛𝑎 as predic-

tion [m2]
𝐴
𝑛𝑓
𝑠 Sluice gate area solution using 𝑛𝑓  as 

prediction [m2]
𝐴𝑛𝑜
𝑠 Sluice gate area solution using 𝑛𝑜 as predic-

tion [m2]
𝑛𝑖 Matrix of collocated state constraint
u Matrix of collocated input constraints
𝑃𝑡 Matrix of collocated power constraint
𝐶𝑑𝑠 Sluice gate discharge coefficient
𝑑 Number of harmonics
𝛥𝐸 Energy difference [GWh]
𝛥𝑛𝑖 Cumulative state constraint deviation [m]
𝐸 Tidal barrage generated energy [GWh]
𝐸𝑛𝑎 Energy generated using 𝑛𝑎 as prediction 

[GWh]
𝐸𝑛𝑓 Energy generated using 𝑛𝑓  as prediction 

[GWh]
𝐸𝑛𝑜 Energy generated using 𝑛𝑜 as prediction 

[GWh]
𝑔 Gravitational acceleration [m/s2]
 Moment-based signal generator
𝐻 Hydraulic head [m]
 Control objective function
𝐿𝐴𝑠

Moment-domain projection of 𝐴𝑠
𝑁 Windowing mapping
𝐿𝑛𝑒 Moment-domain projection of 𝑛𝑒
𝐿𝑛𝑖 Moment-domain projection of 𝑛𝑖
𝐿𝑄𝑡

Moment-domain projection of 𝑄𝑡
𝐿𝐮 Moment-domain projection of u
𝛬 Vector of collocated time instants
𝑀2 Lunar semidiurnal astronomic constituent
𝜇 Turbine efficiency
𝑁 Receding-horizon step
𝑁max Maximum receding-horizon step
𝑛𝑎 Astronomic tidal elevation [m]
𝑁𝑐 Time collocation points
𝑛𝑒 Controller representation of tidal elevation 

[m]
𝑛𝑖 Inner basin level [m]
𝑛max
𝑖 Maximum inner basin level [m]
𝑛min
𝑖 Minimum inner basin level [m]
𝑛𝑓 Weather-informed tidal forecast [m]
𝑛𝑜 Sea water level [m]
𝑛𝑠 Storm surge [m]
𝑛𝑡 Number of tidal barrage turbines
𝑁𝑡 Number of time steps
𝜈 Dimension of signal generator
𝑃𝑡 Tidal barrage generated power [MW]
𝑃max
𝑡 Maximum tidal barrage power [MW]

𝛷 Horizon period [h]
𝛷𝑐 Control period [h]
𝛷𝑓 Future time period [h]
𝛷𝑝 Past time period [h]
2 
𝛷𝑡 Transition period [h]
𝑄𝑡 Turbine flow [m3/s]
𝑄𝑛𝑎

𝑡 Turbine flow solution using 𝑛𝑎 as prediction 
[m3/s]

𝑄
𝑛𝑓
𝑡 Turbine flow solution using 𝑛𝑓  as prediction 

[m3/s]
𝑄𝑛𝑜

𝑡 Turbine flow solution using 𝑛𝑜 as prediction 
[m3/s]

𝑄𝑠 Sluice gate flow [m3/s]
𝜃 Vector of basis functions
𝑅 Time-collocated residual function
 Residual function
𝜌 Density of the sea water [kg/m3]
𝑆 Dynamic matrix of signal generator
𝑇𝑐 Control time [h]
𝑇ℎ Time horizon [h]
𝑡𝑁 Current time instant [h]
𝑇𝑡 Transition time [h]
u Vector of optimisation variables
𝐮max Maximum constraint of optimisation vari-

ables
𝐮min Minimum constraint of optimisation vari-

ables
𝜔𝑐𝑜 Cutoff frequency [rad/h]
𝜔𝑀2

Lunar semidiurnal frequency [rad/h]
𝜔𝑜 Fundamental frequency [rad/h]
𝛺 Total simulation time [h]
𝜉 Transition function

forcing: 

𝑛𝑎(𝑡) =
∑

𝑐
𝐴𝑐 cos(𝜔𝑐 𝑡 + 𝜙𝑐 ), (1)

where 𝑛𝑎(𝑡) is the astronomic tidal elevation, and each 𝑐 constituent is 
associated with an amplitude 𝐴𝑐 , a frequency 𝜔𝑐 and a phase 𝜙𝑐 . The 
astronomic tide is highly predictable in advance, given the knowledge 
of the trajectory of celestial bodies, and is often an accurate represen-
tation of the real tidal elevation. In most sites around the globe, the 
most predominant tidal constituent is the 𝑀2 constituent, associated 
with the gravitational interaction between the Earth and the Moon [2]. 
However, the tidal elevation can also be affected by weather conditions, 
such as wind speed and direction, and atmospheric pressure. The tidal 
variations caused by changes in wind and pressure are often referred 
to as storm surge [2], and are more difficult to forecast, compared to 
astronomic tides.

The tidal barrage OCP has been address in the literature by ei-
ther implementing standard discretisation techniques, such as Model 
Predictive Control (MPC) [3], or separating the barrage operation 
into distinct modes (generating, sluicing and pumping) and optimising 
their duration [4,5]. In particular, moment-based control was recently 
implemented in tidal barrage optimisation to discretise the OCP in 
the frequency domain [6], using a family of harmonic basis functions, 
similar to spectral and pseudo-spectral methods, with the advantage of 
guaranteeing existence and uniqueness of the control solution [7]. In 
the literature on tidal barrage operation, the tidal elevation is assumed 
to be known in advance, and is typically modelled using astronomic 
constituents [8]. [9] studies the impact of storm surge on the power 
output of proposed tidal barrages around the coast of the UK, assuming 
pre-defined barrage operation, without optimisation involved. To the 
best of the authors’ knowledge, there are no studies that analyse how 
tidal barrage optimal operation changes when considering storm surge.
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Fig. 1. Diagram of a tidal barrage power plant [6].
Table 1
Parameterisation of the La Rance power plant model, from [10].
 Parameter Value Unit  
 Maximum sluice gate area 𝐴max

𝑠 900 m2  
 Number of turbines 𝑛𝑡 24 –  
 Turbine rated power 10 MW  
 Maximum turbine flow 𝑄max

𝑡 260 m3/s 
 Sluice discharge coefficient 𝐶𝑑𝑠 1 –  

This study presents a nonlinear receding-horizon optimal control 
framework, whereby real (past) tidal elevation observations, as well 
as a tidal elevation forecast at the prediction horizon, can be included 
within the tidal barrage control calculations. The novelty of the work 
relies on the implementation of a receding-horizon control algorithm 
together with moment-based optimal control, in the particular case 
of tidal barrage operation, whereby the impact of neglecting storm 
surge within the OCP can be studied, by using different tidal elevation 
forecasts. Prior work on tidal barrage optimisation use the astronomic 
tide as input, which is available at any time in the future; here, the 
receding-horizon framework is used to effectively include a storm surge 
forecast within the control calculations, which is available only in a 
receding-horizon basis, that is, for a limited time period. While previous 
MPC approaches, applied to tidal barrage optimisation, discretise the 
OCP in time, in this study, moment-based control is used to discretise 
the tidal barrage OCP and compute the optimal trajectories of turbine 
and sluice gate flows at each step of the receding-horizon algorithm.

The reminder of this paper is organised as follows: Section 2 de-
scribes the tidal barrage model, used in this study for the control 
calculations, and Section 3 presents the receding-horizon moment-
based control framework. Section 4 presents the results obtained from 
using different tidal forecasts, and the conclusions are outlined in 
Section 6.

2. Tidal barrage model

In this section, the tidal barrage model, used in this study to 
formulate and solve the associated tidal barrage OCP, is described. The 
case study presented is based on the La Rance power plant, located in 
St. Malo, France. Table  1 shows the design parameters of the La Rance 
power plant [10] considered in this study.

2.1. Tidal elevation

As mentioned in Section 1, the tidal elevation 𝑛𝑜(𝑡) can be modelled 
as: 
𝑛𝑜(𝑡) = 𝑛𝑎(𝑡) + 𝑛𝑠(𝑡), (2)

where 𝑛𝑎(𝑡) the astronomic tide, and 𝑛𝑠(𝑡) is the storm surge. In this 
study, the (observed) tidal elevation 𝑛 (𝑡) is obtained from tidal gauge 
𝑜

3 
Fig. 2. Distribution of storm surge driven tidal level in St. Malo.
Source: Data from 2020 to 2024.

observations at the St. Malo tidal gauge station [11], where the La 
Rance power plant is located. The astronomic tide 𝑛𝑎(𝑡) is extracted 
from the EOT20 global tidal model [12], which provides the amplitude 
and phase of 17 harmonic constituents present in the astronomic tides, 
for a particular location. As a result, the storm surge 𝑛𝑠(𝑡) at La Rance 
can be approximated, as per Eq. (2), as the difference between 𝑛𝑜(𝑡) and 
𝑛𝑎(𝑡). Fig.  2 shows a histogram of the storm surge in St. Malo, using 
data from 2020 to 2024. At this location, the storm surge is mostly 
between −1 m and 1 m, and does not present strong seasonality. Note 
that the tidal range in St. Malo is between 9 m and 14 m [13]; therefore, 
the storm surge component, on average, accounts for approximately 
between 7% and 11% of the tidal range.

Fig.  3(a) shows the observed tidal height against the astronomic tide 
and weather-informed forecast, while Fig.  3(b) shows the real storm 
surge, as per Eq. (2), and the storm surge predicted from the weather-
informed forecast, i.e. 𝑛𝑓 − 𝑛𝑎. The tidal elevation at La Rance, during 
the period under consideration, has a maximum range of approximately 
13 m, and a maximum absolute surge of 1 m, that is, around 8% of the 
tidal range. While the root mean squared error (RMSE) between 𝑛𝑜 and 
𝑛𝑎 is 0.35 m, the RMSE between 𝑛𝑜 and 𝑛𝑓  is 0.15 m.

2.2. Governing equations

The turbines and sluice gates, placed along the barrage wall, allow 
the passage of water into and out of the basin, which determines the 
water level inside the basin, 𝑛𝑖(𝑡). In the case of the turbines, the flow 
𝑄𝑡(𝑡) can be controlled by manipulating the guide vanes and runner 
blades in the turbine, and hydraulic power is converted to mechanical 
power, 𝑃𝑡(𝑡), as per the following equation: 
𝑃 (𝑡) = 𝜌𝑔𝜇(𝑄 ,𝐻)𝑄 (𝑡)𝐻(𝑡), (3)
𝑡 𝑡 𝑡
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(a) Observed (measured) tidal elevation 𝑛𝑜, astronomic tidal forecast 𝑛𝑎, and weather-informed 
forecast 𝑛𝑓 , used as external inputs within the controller.

(b) Real storm surge 𝑛𝑜 − 𝑛𝑎, and storm surge from weather-informed tidal forecast 𝑛𝑓 − 𝑛𝑎.

Fig. 3. Tidal elevation data from St. Malo.
where 𝜌 is the water density, 𝑔 is the gravitational acceleration, and 
𝜇(𝑄𝑡,𝐻) is the turbine efficiency, which is a function of 𝑄𝑡 and 𝐻 . A 
detailed description of the turbine efficiency model can be found in [6]. 
On the other hand, the water flows through the sluice gates driven 
purely by gravity, without energy conversion, controlled by the total 
sluice gate opening area 𝐴𝑠(𝑡): 
𝑄𝑠(𝑡) = sign(𝐻(𝑡))𝐶𝑑𝑠𝐴𝑠(𝑡)

√

2 𝑔|𝐻(𝑡)|, (4)

where 𝐶𝑑𝑠 is the discharge coefficient. Using a simplifying 0-D hydro-
dynamic model [14], the inner basin level 𝑛𝑖(𝑡) varies proportionally 
with the total flow through the barrage: 

𝑛̇𝑖(𝑡) =
−𝑄𝑡(𝑡) −𝑄𝑠(𝑡)

𝐴𝑏(𝑛𝑖)
= 𝑓 (𝑛𝑖, 𝑛𝑜, 𝑄𝑡, 𝐴𝑠), (5)

𝐴𝑏(𝑛𝑖) being the basin area, which can be modelled as a function 
of 𝑛𝑖, to account for the bathymetry of the site. In this study, it is 
assumed that 𝐴𝑏 is a linear function of 𝑛𝑖, which has been validated 
in [10] using real data from the La Rance power plant. Note that the 
0-D hydrodynamic model, together with the linear function 𝐴𝑏(𝑛𝑖), are 
sources of error within the optimal control calculations, but with the 
advantage of being numerically tractable; using higher dimensional hy-
drodynamic models, while being more accurate, significantly increase 
the dimensionality of the barrage system model.

3. Optimal control formulation

In this section, the receding-horizon moment-based controller, used 
in this study to compute tidal barrage optimal operation, is presented. 
Assuming that the objective is to maximise energy generation during a 
period 𝛷 = [0, 𝑇ℎ] ⊂ R+, the constrained nonlinear tidal barrage OCP 
can be formulated as1: 

𝐮opt = argmax
𝐮 ∫𝛷

𝑃𝑡(𝑛𝑖, 𝑛𝑜,𝐮)d𝑡,

subject to:
𝑛̇𝑖 = 𝑓 (𝑛𝑖, 𝑛𝑜,𝐮),
𝑛min𝑖 ≤ 𝑛𝑖 ≤ 𝑛max𝑖 ,

𝐮min ≤ 𝐮 ≤ 𝐮max,
𝑃𝑡 ≤ 𝑃max𝑡 ,

(6)

1 From this point forward, the time dependence of the variables is omitted 
when clear from the context.
4 
where 𝑛𝑖 is the state of the system, 𝑛𝑜 the external input (i.e. the tidal 
elevation), and 𝐮 = [𝑄𝑡, 𝐴𝑠] is the vector of controlled variables.

Tidal barrage power plants harness the energy from tidal level 
variations which, as described in Section 2, have a predominantly 
harmonic behaviour; hence, the dominant dynamics of the tidal barrage 
system are given by the periodic changes in tidal level. As such, it 
is reasonable to approximate the tidal elevation, as well as the bar-
rage system controls and state variables, using harmonic functions. In 
moment-based control, an OCP can be parameterised with a family of 
(trigonometric) basis functions, generated by a dynamic signal genera-
tor, and the steady-state response of the system can be approximated 
by using the mathematical notion of moments. If the problem is well-
posed, the approximated solution in the moment domain is guaranteed 
to converge to the steady-state response of the system [15]. The inter-
ested reader is referred to [6,16] for further insights on moment-based 
control applied to tidal barrages.

3.1. Moment-based control of tidal barrages

This paper uses a moment-based control framework to transcribe 
the infinite-dimensional OCP of tidal barrage operation into a finite-
dimensional nonlinear programme, following the procedure described, 
in detail, in [6]. To keep the manuscript relatively self-contained, in this 
section, the mathematical formulation of tidal barrages moment-based 
parameterisation is briefly recalled.

Considering the state equation describing the single-input-single-
output (SISO) nonlinear tidal barrage system 𝑓 ∶ R × R × R2 → R (by 
replacing Eq. (4) in Eq.  (5)): 

𝑛̇𝑖 =
−𝑄𝑡 − sign(𝑛𝑖 − 𝑛𝑜)𝐶𝑑𝑠𝐴𝑠

√

2 𝑔|𝑛𝑖 − 𝑛𝑜|
𝐴𝑏(𝑛𝑖)

= 𝑓 (𝑛𝑖, 𝑛𝑜,𝐮). (7)

Leveraging the predominantly harmonic behaviour of the tidal eleva-
tion, driven by astronomical forcing, the following harmonic signal 
generator  is formulated: 

 ∶

{

𝜃̇ = 𝑆𝜃,

𝑛𝑜 ≈ 𝑛𝑒 = 𝐿𝑛𝑒𝜃,
(8)

with 

𝜃 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

1
cos𝜔𝑜𝑡
sin𝜔𝑜𝑡
...

cos 𝑑𝜔𝑜𝑡

⎤

⎥

⎥

⎥

⎥

⎥

⎥

, 𝑆 = 0⊕

( 𝑑
⨁

𝑝=1

[

0 𝑝𝜔𝑜
−𝑝𝜔𝑜 0

]

)

, (9)
⎣sin 𝑑𝜔𝑜𝑡⎦
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where 𝜃 ∈ R𝜈 , 𝑆 ∈ R𝜈×𝜈 , with 𝜈 = 2𝑑 + 1, and 𝑛𝑒 is the description 
of the real tidal elevation, 𝑛𝑜, within the controller. 𝐿𝖳

𝑛𝑒
∈ R𝜈 is a 

vector of coefficients that projects 𝑛𝑒 onto 𝜃; that is, the tidal elevation 
𝑛𝑜 is approximated as a linear combination of a harmonic subspace, 
with fundamental frequency 𝜔𝑜, and 𝑑 the number of harmonics. The 
fundamental frequency depends on 𝑇ℎ, the length of the time period 
considered for the control calculations, i.e. 𝜔𝑜 = 2𝜋∕𝑇ℎ; that is, the 
discretisation of the problem depends on the choice of 𝑇ℎ, which is 
discussed in Section 4.1. For a fixed cutoff frequency 𝜔𝑐𝑜, the number 
of harmonics present in the signal generator  is 𝑑 = floor

(

𝜔𝑐𝑜
𝜔𝑜

)

. In the 
particular case of tidal barrage optimal control, it was found that 𝜔𝑐𝑜
should be at least 20 cycles/day [6]; in this study, a value of 𝜔𝑐𝑜 = 28
cycles/day is chosen.

Suppose now that the control variables, represented by the vector 
𝐮= [𝑄𝑡, 𝐴𝑠], can also be approximated with harmonic functions, assum-
ing that the astronomic tide dictates the dominant system dynamics. 
Then, the control variables are parameterised as a linear combination 
of the basis functions in 𝜃: 

𝐮=
[

𝑄𝑡
𝐴𝑠

]

=
[

𝐿𝑄𝑡
𝐿𝐴𝑠

]

𝜃 = 𝐿𝐮𝜃, (10)

where 𝐿𝖳
𝐮 = [𝐿𝖳

𝑄𝑡
𝐿𝖳
𝐴𝑠
] ∈ R𝜈×2 is the vector defining the projection of 

𝑄𝑡 and 𝐴𝑠 in the moment domain. The resulting interconnected system 
has the form 
𝜃̇ = 𝑆𝜃,

𝑛̇𝑖 = 𝑓 (𝑛𝑖, 𝐿𝑛𝑒𝜃, 𝐿𝐮𝜃).
(11)

Assuming that the initial condition of the signal generator 𝜃(0) is 
such that (𝐿𝑛𝑒 , 𝐿𝐮, 𝑆, 𝜃(0)) is minimal, and considering that the eigenval-
ues of 𝑆 are purely imaginary, there exists a mapping 𝜋, the moment of 
the tidal barrage system, which solves the following partial differential 
equation 
𝜕𝜋(𝜃)
𝜕𝜃

𝑆𝜃 = 𝑓 (𝜋(𝜃), 𝐿𝑛𝑒𝜃, 𝐿𝐮𝜃). (12)

Furthermore, for any fixed trajectory 𝜃(𝑡), the steady-state response of 
the system can be computed in terms of its associated moment: 
𝑛𝑠𝑠𝑖 (𝑡) ≈ 𝜋(𝜃(𝑡)) = 𝐿𝑛𝑖𝜃(𝑡),

𝑛̇𝑖
𝑠𝑠(𝑡) ≈ 𝐿𝑛𝑖 𝜃̇(𝑡) = 𝐿𝑛𝑖𝑆𝜃(𝑡),

(13)

where 𝐿𝖳
𝑛𝑖
∈ R𝜈 is the vector approximating the state of the system 𝑛𝑖 in 

the moment domain. As a result, the using the moment-based parame-
terisation, the continuous-time tidal barrage system is discretised as a 
linear combination of the harmonic functions given by : 
𝜃̇ = 𝑆𝜃,

𝑛𝑜 ≈ 𝐿𝑛𝑒𝜃,

𝐮 = 𝐿𝐮𝜃,

𝑛𝑖 ≈ 𝐿𝑛𝑖𝜃

(14)

𝐿𝑛𝑖  is computed by applying a Galerkin-like method [17] where a 
residual function  is forced to be 0 at a finite set of time collocation 
points 𝑁𝑐 ∈ N.  is defined by replacing the state and inputs in 
𝑓 (𝑛𝑖, 𝑛𝑒,𝐮) (Eq. (7)) with their moment-based parameterisation: 

(𝐿𝑛𝑖 , 𝐿𝑛𝑒 , 𝐿𝐮, 𝑡) = 𝐴𝑏𝐿𝑛𝑖𝑆𝜃(𝑡) + 𝐿𝑄𝑡
𝜃(𝑡)

+ sign
(

(𝐿𝑛𝑖 − 𝐿𝑛𝑒 )𝜃(𝑡)
)

𝐶𝑑𝑠𝐿𝐴𝑠
𝜃(𝑡)

√

2𝑔|𝐿𝑛𝑖 − 𝐿𝑛𝑒 |𝜃(𝑡).

(15)

Forcing  to be 0, at a set of 𝑁𝑐 collocation points, results in the 
following non-linear system of equations: 

𝑅(𝐿𝑛𝑖 , 𝐿𝑛𝑒 , 𝐿𝐮) =
⎡

⎢

⎢

⎣

(𝐿𝑛𝑖 , 𝐿𝑛𝑒 , 𝐿𝐮, 𝑡1)
⋮

(𝐿𝑛𝑖 , 𝐿𝑛𝑒 , 𝐿𝐮, 𝑡𝑁𝑐
)

⎤

⎥

⎥

⎦

= 0, (16)

whereby 𝐿  can be computed, provided 𝑁 ≥ 𝜈.
𝑛𝑖 𝑐

5 
3.2. Receding-horizon control

Receding-horizon control consists of iteratively solving the OCP 
over a time interval, and retrieving the optimal trajectories of the 
controlled variables for a shorter control period. The receding-horizon 
control strategy, implemented in this study, is summarised in the 
following algorithm, written in pseudo-code:

𝑁 ← 1 ;
while 𝑁 ≤ 𝑁max do

Initialize 𝑡𝑁  (current time instant);
Compute projection of tidal elevation 𝑛𝑒 ≈ 𝐿𝑁

𝑛𝑒
𝜃;

Compute optimal control solution u𝑁,opt = 𝐿𝑁,opt
u 𝜃;

Retrieve u𝑁,opt for the interval 𝛷𝑁
𝑐 ;

Update 𝑡𝑁 = 𝑡𝑁 + 𝑇𝑐 ;
𝑁 ← 𝑁 + 1;

end 
First, at step 𝑁 , the external input 𝑛𝑒, retrieved over an interval 

𝛷𝑁  of length 𝑇ℎ, i.e. the time horizon, is projected onto the signal 
generator , as detailed in Section 3.3. 𝛷𝑁  is centred at the present 
time instant 𝑡𝑁 , such that 𝛷𝑁 = 𝛷𝑁

𝑝 ∪ 𝛷𝑁
𝑓 , where 𝛷𝑁

𝑝 = [𝑡𝑁 − 𝑇ℎ
2 , 𝑡𝑁 )

is the past interval, 𝛷𝑁
𝑓 = [𝑡𝑁 , 𝑡𝑁 + 𝑇ℎ

2 ] is the future interval. Using the 
moment-based control parameterisation, described in Section 3.1, the 
tidal barrage OCP at each step 𝑁 is formulated as follows: 

𝐿𝑁,opt
𝐮 = argmax

𝐿𝑁
𝐮

∫𝛷𝑁
𝑃 (𝐿𝑁

𝑛𝑖
, 𝐿𝑁

𝑛𝑒
, 𝐿𝑁

𝐮 )d𝑡,

subject to
𝑅(𝐿𝑁

𝑛𝑖
, 𝐿𝑁

𝑛𝑒
, 𝐿𝑁

𝐮 ) = 0,

𝐿𝑁
𝑛𝑖
 ≤ 𝑛𝑖 ,

𝐿𝑁
𝐮  ≤ 𝐮,

𝜌𝑔𝜇𝑁 ⊙ (𝐿𝑁
𝑛𝑖
− 𝐿𝑁

𝑛𝑜
)𝛬 ⊙

(

𝐿𝑁
𝑄𝑡
𝛬
)

≤ 𝑃𝑡 ,

(17)

where 𝜇𝑁  is the turbine efficiency, mapped in the moment-domain 
parameterisation (i.e., as a function of 𝐿𝑁

𝑛𝑖
, 𝐿𝑁

𝑛𝑒
, and 𝐿𝑁

𝐮 ), ⊙ denotes 
the standard element-wise (Hadamard) product, and 

𝛬 =
[

𝜃(𝑡1) … 𝜃(𝑡𝑁𝑐
)
]

,

 = [𝛬 𝛬] ,

𝑛𝑖 =
[

𝑛max𝑖 𝟏𝑁𝑐
𝑛min𝑖 𝟏𝑁𝑐

]

,

𝐮 =
[

𝐮max𝟏𝑁𝑐
𝐮min𝟏𝑁𝑐

]

,

𝑃𝑡 =
[

𝑃max𝑡 𝟏𝑁𝑐

]

.

(18)

Note that, in (17), the constraints are enforced at the set of 𝑁𝑐 colloca-
tion points. The control solution 𝐿𝑁,opt

𝐮  is then retrieved for the control 
period 𝛷𝑁

𝑐 = [𝑡𝑁 , 𝑡𝑁 + 𝑇𝑐 ] of length 𝑇𝑐 < 𝑇ℎ, the horizon is moved 
forward a period 𝑇𝑐 , and the procedure is repeated.

Discontinuities between two consecutive control solutions are han-
dled by overlapping the solution from step 𝑁−1 with the solution from 
step 𝑁 , within an interval 𝛷𝑁

𝑡 = (𝑡𝑁−1+𝑇𝑐 , 𝑡𝑁−1+𝑇𝑐+𝑇𝑡] = (𝑡𝑁 , 𝑡𝑁+𝑇𝑡] ∈
𝛷𝑁

𝑐 , of length 𝑇𝑡 ≪ 𝑇𝑐 , and defining a smooth transition by means of 
a transition function [18], as depicted in Fig.  4. The resulting control 
solution, 𝐮𝑁,opt

𝑡  is calculated as: 

𝐮𝑁,opt
𝑡 = 𝜉(−𝐭) 𝐮𝑁−1,opt|

|

|𝛷𝑁
𝑡
+ 𝜉(𝐭) 𝐮𝑁,opt|

|

|𝛷𝑁
𝑡
, (19)

with 𝜉 ∶ 𝛷𝑁
𝑡 → [0, 1] a hyperbolic tangent function evaluated at 

𝐭 = 𝑡 − 𝑇𝑡∕2, defined as: 

𝜉(𝐭) = tanh(𝐭) + 1
2

, (20)

with 𝜉(−𝐭) + 𝜉(𝐭) = 1∀𝑡.
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Fig. 4. Smooth transition between consecutive control actions at 𝛷𝑁
𝑡 .

Fig. 5. Representation of the tidal elevation as input in each time horizon, 
using the observations at 𝑡 ∈ 𝛷𝑁

𝑝  and predictions at 𝑡 ∈ 𝛷𝑁
𝑓 .

3.3. Input parameterisation

Because the OCP is solved for a time period 𝛷𝑁 , centred in the 
present instant 𝑡𝑁 , the input 𝑛𝑒 can be represented using real obser-
vations, 𝑛𝑒 ∶= 𝑛𝑜, for all 𝑡 ∈ 𝛷𝑝, and a prediction, for all 𝑡 ∈ 𝛷𝑓 , as seen 
in Fig.  5. This way, information about real tidal variations is included 
for 𝑡 ∈ 𝛷𝑝, and updated at each step of the receding-horizon algorithm. 
Additionally, the receding-horizon framework enables the use of a tidal 
elevation forecast for 𝑡 ∈ 𝛷𝑓 , which can also be updated at each step.

To ensure that the OCP in the moment-based parameterisation is 
well posed, the inputs of the system must be periodic over the period 
𝑇ℎ, used for the control calculations. To this end, at each step 𝑁 of 
the receding-horizon algorithm, 𝑛𝑒 is windowed onto a 𝑇ℎ−periodic 
mapping 𝑁 ∶ 𝛷𝑁 → [1, 0], that smoothly drives 𝑛𝑒 to zero at the 
extremities (see Fig.  5, right axis). The windowed tidal elevation 𝑛𝑁

𝑒  is 
then projected onto the harmonic space given by the signal generator 
. As a result, the moment-based parameterisation of 𝑛𝑁

𝑒  at each step 
𝑁 is defined as: 
𝑛𝑒 ≈ 𝑛

𝑁
𝑒 = 𝑁𝑛𝑒 ≈ 𝐿𝑁

𝑛𝑒
𝜃. (21)

Fig.  5 shows how, at the extremities of 𝛷𝑁 , the approximation of 
𝑛𝑒 in the moment-domain is relatively poor, compared to the real tidal 
elevation, 𝑛𝑜, because of the windowing mapping used. On the other 
hand, at the centre of 𝛷𝑁 , the effect of 𝑁  on the representation of 𝑛𝑒 is 
negligible. Therefore, the period 𝑇ℎ, chosen for the control calculations, 
influences how accurate the transcription of the problem is at 𝛷𝑁

𝑐  (for 
a fixed control length 𝑇𝑐), where the control solution is retrieved, and 
how much information is fed to the controller regarding the external 
input (similar to standard MPC methods). Furthermore, as mentioned 
6 
Table 2
Data used to model the external input 𝑛𝑒 of the receding-horizon controller.
 Forecast 𝑛𝑒∀𝑡 ∈ 𝛷𝑁

𝑝 𝑛𝑒∀𝑡 ∈ 𝛷𝑁
𝑓  

 Observation 𝑛𝑜 𝑛𝑜  
 Astronomic 𝑛𝑜 𝑛𝑎  
 Weather-informed 𝑛𝑜 𝑛𝑓  

in Section 3.1, the fundamental frequency of the signal generator , 𝜔𝑜, 
depends on the chosen 𝑇ℎ; the longer 𝑇ℎ is, the higher de dimensionality 
of the moment-based parameterisation, for a fixed 𝜔𝑐𝑜, resulting in a 
more accurate representation of the system, with its associated higher 
computational cost.

Fig.  6 shows a block diagram describing the receding-horizon
moment-based controller pipeline. To model the external input 𝑛𝑒, at 
the prediction horizon 𝛷𝑁

𝑓 , three cases are considered, summarised in 
Table  2:

• Using the observed tide 𝑛𝑜, extracted from tide gauge observations 
at St. Malo;

• Using the astronomic tide in St. Malo, 𝑛𝑎, from the EOT20 global 
tidal model (see Section 2.1);

• Using a weather-informed tidal forecast at St. Malo, 𝑛𝑓 , published 
weekly in the EDF France website [19];

4. Results

This section presents the results obtained from solving the tidal 
barrage OCP, using the receding-horizon moment-based control frame-
work, described in Section 3. The control time 𝑇𝑐 , from which the 
control solution is retrieved at each step 𝑁 of the receding-horizon 
algorithm, is 1 h, with 𝑁max = 720, so that the simulation span is 
𝛺 = 1 month, as pictured in Fig.  7. The control solutions are then 
combined, as described in Section 3.2, to create an optimal trajectory of 
𝐮opt = [𝑄opt

𝑡 , 𝐴opt𝑠 ] throughout the period 𝛺, which is then implemented 
in the time domain, to calculate the steady state response of the system, 
𝑛𝑖, and the generated energy, 𝐸 = ∫𝛺 𝑃𝑡d𝑡.

4.1. Choice of control horizon length 𝑇ℎ

As a first step, the influence of the control horizon length 𝑇ℎ on 
the controller performance is evaluated by computing optimal turbine 
flow and sluice gate area with different values of 𝑇ℎ. In this section, the 
ideal case is considered, where the observed tide 𝑛𝑜 is used to model 
both past (at 𝛷𝑁

𝑝 ) and future (at 𝛷𝑁
𝑓 ) tidal elevation. Fig.  8 shows, on 

the left axis, energy generation 𝐸, resulting from the optimal operation 
computed with each value of 𝑇ℎ; the dotted line marks 𝐸 = 97%𝐸max, 
𝐸max being the maximum energy, achieved at 𝑇ℎ = 26 h, showing that, 
after 𝑇ℎ = 24 h, 𝐸 remains within a 3% margin. Note that the results 
shown in this section are specific for the control period selected, 𝑇𝑐 = 1
h. The right axis in Fig.  8 shows the cumulative deviation of the state 
𝑛𝑖 from the constraints 𝑛max𝑖  and 𝑛min𝑖 , 𝛥𝑛𝑖 , computed as: 

𝛥𝑛𝑖 = ∫𝛺
max(𝑛𝑖 − 𝑛max𝑖 , 0)d𝑡 − ∫𝛺

min(𝑛𝑖 − 𝑛min𝑖 , 0)d𝑡. (22)

Since the moment-based parameterisation is an approximation of the 
system, it is expected that, when implementing the control solution 
(i.e. the optimal trajectories of 𝑄𝑡 and 𝐴𝑠) in the time domain, the 
trajectory of the system state 𝑛𝑖 can deviate from the moment of 
the system 𝐿𝑁

𝑛𝑖
𝜃, computed within the controller. This approximation 

error may propagate through subsequent steps of the receding-horizon 
algorithm, and cause the state 𝑛𝑖 to exceed the constraints. Larger 
values of 𝑇ℎ enhance the approximation of the system in the moment-
domain parameterisation at the centre of the period 𝑇ℎ, as described 
in Section 3.3, decreasing the difference between 𝑛  and 𝐿𝑁𝜃, and, 
𝑖 𝑛𝑖
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Fig. 6. Block diagram of the receding-horizon moment-based optimal controller.
Fig. 7. Implementation of the receding-horizon algorithm: The optimal control solution 𝐮𝑁,opt is retrieved at each step 𝑁 for a period 𝑇𝑐 , and the optimal 
trajectory 𝐮opt for 𝛺 = 1 month is formed by combining all optimal solutions 𝐮𝑁,opt for 𝑁 = [1, 720].
Fig. 8. Left axis: Energy 𝐸 generated using different horizon lengths 𝑇ℎ (blue 
squares), and 3% margin from maximum energy (dotted line). Right axis: 
Cumulative constraint deviation in basin level, 𝛥𝑛𝑖 . (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web 
version of this article.)

consequently, 𝛥𝑛𝑖 . Fig.  9 shows the moment-domain parameterisation 
of the state of the system, 𝐿𝑁

𝑛𝑖
𝜃 (in black) for 𝑁 ∈ [1, 𝑁max], and time 

domain solution of the state of the system, 𝑛𝑖 (in green), obtained for 
different values of 𝑇ℎ, for a time snippet of 420 h. As 𝑇ℎ increases, 𝑛𝑖
better resembles 𝐿𝑁

𝑛𝑖
𝜃, and exceeds the constraints (represented by red 

dashed lines) less frequently.
𝐸 is expected to increases with 𝑇ℎ; as seen in Section 3.3, the choice 

of 𝑇ℎ defines how much (past and future) information about the tidal 
elevation is fed to the controller, as well as the solution space of the 
moment-based parameterisation of the OCP. However, Fig.  8 shows 
how 𝐸 does not increase monotonically with 𝑇ℎ. This can be attributed 
to the sensitivity of the control solution to the discretisation resulting 
from each value of 𝑇 . The most dominant frequency, present in the 
ℎ

7 
tidal elevation at La Rance, is that corresponding to the astronomic 
constituent 𝑀2, with a period of 12.42 h, and a frequency 𝜔𝑀2

= 0.5059
rad/h. Fig.  10 represents the solution space 𝜃 at each value of 𝑇ℎ, where 
each dot corresponds to a frequency, and each colour to a different 𝑇ℎ. 
For each solution space, a specific frequency has the minimum distance 
to 𝜔𝑀2

 (depicted with a red edge in Fig.  10), computed as the 1-norm 
of the difference between both frequencies: 
d(𝜔,𝜔𝑀2

) = |𝜔 − 𝜔𝑀2
|. (23)

The right axis in Fig.  10 shows how d(𝜔,𝜔𝑀2
) varies with 𝑇ℎ, resem-

bling the behaviour of 𝐸 and 𝛥𝑛𝑖  in Fig.  8. The distance d(𝜔,𝜔𝑀2
) is 

highest at 𝑇ℎ = 8 h, where 𝐸 is lowest, and 𝛥𝑛𝑖  is highest. As 𝑇ℎ
increases, d(𝜔,𝜔𝑀2

) decreases, but with a relative increase between 
𝑇ℎ = 14 h and 𝑇ℎ = 22 h; at those same values of 𝑇ℎ, there is a slight 
decrease in 𝐸 and increase in 𝛥𝑛𝑖 . After 𝑇ℎ = 26 h, d(𝜔,𝜔𝑀2

) increases 
again, but because of the higher number of frequencies in 𝜃, 𝐸 remains 
within the 3% margin of 𝐸max.

4.2. Using astronomic and weather-informed forecasts as prediction

In this section, the input 𝑛𝑒, used in the receding-horizon moment-
based controller, combines observations 𝑛𝑜, at the past interval 𝛷𝑁

𝑝 , and 
a forecast, at the future interval 𝛷𝑁

𝑓 , for all 𝑁 ∈ [1, 𝑁max]. The two 
forecasts considered are the astronomic tide 𝑛𝑎, and a weather-informed 
forecast 𝑛𝑓 , as shown in Table  2.

Fig.  11 shows, in blue, the ideal case of using 𝑛𝑜 at 𝛷𝑁
𝑓 , presented 

in Section 4.1, while the results from using 𝑛𝑎 and 𝑛𝑓  as forecasts are 
shown in green and yellow, respectively. Fig.  12 shows the percentage 
difference between the energy generated in the ideal case (𝐸𝑛𝑜 ) and 
using 𝑛𝑎 as forecast (𝐸𝑛𝑎 ), between the ideal case and using 𝑛𝑓  as 
forecast (𝐸𝑛𝑓 ), and between 𝐸𝑛𝑓  and 𝐸𝑛𝑎 . The difference between the 
ideal case and using 𝑛  (Fig.  12(a)), interpreted as the impact of storm 
𝑎
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Fig. 9. Moment-domain parameterisation of the state of the system, 𝐿𝑁
𝑛𝑖 𝜃 (black line) for 𝑁 ∈ [1, 𝑁max], and time domain solution of the state of the system, 𝑛𝑖

(green line), for different values of 𝑇ℎ. The red dashed lines represent the constraints 𝑛max𝑖  and 𝑛min𝑖 . (For interpretation of the references to colour in this figure 
legend, the reader is referred to the web version of this article.)
Fig. 10. Left axis: Solution space 𝜃 of the moment-based parameterisation 
of the tidal barrage system, for different values of 𝑇ℎ (in different colours). 
Each dot represent a frequency, present in 𝜃; those dots with red edge are the 
frequencies closest to the frequency of the 𝑀2 constituent, 𝜔𝑀2

. Right axis: 
Distance between the frequencies with red edge and 𝜔𝑀2

. (For interpretation 
of the references to colour in this figure legend, the reader is referred to the 
web version of this article.)

surge on the optimal control solution, is between 1.5% and 11.6%; 
On the other hand, using 𝑛𝑓  results in energy generation closer to 
the ideal case (Fig.  12(b)), compared with using 𝑛𝑎; the maximum 
energy achieved with 𝑛𝑓  is 1.4% below the maximum achieved in the 
ideal case, while the maximum energy achieved with 𝑛𝑎 as forecast is 
below 97% of the maximum achieved in the ideal case. The difference 
between the ideal case and using 𝑛𝑓 , interpreted as the residual impact 
of forecast error on the optimal control solution, is below 5.4%, and 
almost negligible at 𝑇ℎ = 30 h. Note that, using either 𝑛𝑎 and 𝑛𝑓  as 
forecasts, the difference in energy compared to the ideal case tends to 
decrease with increasing 𝑇ℎ, and energy generation increases; in other 
words, the performance of the controller improves with increasing 𝑇ℎ, 
independently of the forecast used. Fig.  12(c) shows that using 𝑛𝑓
as prediction increases energy from 1% to 6% of the power plant 
8 
Fig. 11. Energy 𝐸 considering 𝑛𝑜, 𝑛𝑎 and 𝑛𝑓  to model the external input 𝑛𝑒
at 𝛷𝑁

𝑓  (Table  2), using different horizon lengths 𝑇ℎ. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web 
version of this article.)

capacity, compared to using 𝑛𝑎 as prediction. That is, in the study case 
considered, there is a net benefit in using the weather-informed forecast 
available.

Note that, as described in Section 2.1, the RMSE of 𝑛𝑓  compared 
to 𝑛𝑜 is 0.15 m, 1.2% of the maximum tidal range of 13 m, while 
the RMSE of 𝑛𝑎 is 0.35 m, 2.7% of the maximum tidal range. That is, 
the RMSE between 𝑛𝑓  and 𝑛𝑜 is 57% lower than the RMSE between 
𝑛𝑓  and 𝑛𝑜. On the other hand, the gap between the maximum energy 
achieved with 𝑛𝑓  and 𝐸max is 1.4%, 57% lower than the gap between 
the maximum energy achieved with 𝑛𝑎 and 𝐸max, which is 3.3%. As 
might be expected, if the available weather-informed forecast has a 
larger error, compared to 𝑛𝑜, than the astronomic tide, the performance 
of the controller may be inferior compared to simply ignoring storm 
surge. Therefore, the accuracy of 𝑛𝑎 as an approximation of 𝑛𝑜 should 
be used as a threshold to evaluate if the weather-informed forecast is 
adequate or not for the control calculations.

Fig.  13 shows the inner basin level 𝑛𝑖, computed in the time domain 
with the optimal control solutions from using observations as prediction 
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(a) Percentage difference in energy between using 𝑛𝑜 and 𝑛𝑎 at 𝛷𝑁
𝑓 .

(b) Percentage difference in energy between using 𝑛𝑜 and 𝑛𝑓  at 𝛷𝑁
𝑓 .

(c) Percentage difference in energy between using 𝑛𝑓  and 𝑛𝑎 at 𝛷𝑁
𝑓 .

Fig. 12. Comparison in energy generated between the ideal case and using 𝑛𝑎 (a) and 𝑛𝑓  (b) as forecasts, and comparison in energy generated between using 𝑛𝑎
and 𝑛𝑓  as forecasts (c). 𝐸𝑛𝑜  is the energy generated using 𝑛𝑜 at 𝛷𝑁

𝑓 , 𝐸𝑛𝑎  is the energy generated using 𝑛𝑎 at 𝛷𝑁
𝑓 , and 𝐸𝑛𝑓  is the energy generated using 𝑛𝑓  at 𝛷𝑁

𝑓 .
Fig. 13. Time domain solution of the state of the system, 𝑛𝑖, using observed tide 𝑛𝑜 (ideal case), astronomic tide 𝑛𝑎, and weather-informed forecast 𝑛𝑓  as prediction, 
for different values of 𝑇ℎ. The red dashed lines represent the constraints 𝑛max𝑖  and 𝑛min𝑖 . (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.)
(solid blue line, as in Fig.  9), and from using either the astronomic 
tide 𝑛𝑎 (green line) and the weather-informed forecast 𝑛𝑓  (yellow line) 
as prediction. The solution, using the weather-informed forecast 𝑛𝑓 , 
resembles more closely the ideal case, compared to the solution using 
only the astronomic tide 𝑛𝑎. To illustrate the improved performance 
of the controller when using 𝑛𝑓 , note that, in Fig.  3(b), during neap 
(low) tides, at 𝑡 = 600 h, the storm surge is relatively high; as a result, 
as shown in Fig.  13, the inner basin level 𝑛  is above the maximum 
𝑖

9 
constraint, for all values of 𝑇ℎ, when using 𝑛𝑎 as prediction, while using 
𝑛𝑓  results in a control solution that maintains 𝑛𝑖 within the constraints.

Regarding the optimal trajectories of 𝐮 = [𝑄𝑡, 𝐴𝑠], it is seen that 
the solutions [𝑄𝑛𝑓

𝑡 , 𝐴
𝑛𝑓
𝑠 ], using 𝑛𝑓  as forecast, are closer to the solutions 

[𝑄𝑛𝑜
𝑡 , 𝐴𝑛𝑜

𝑠 ], from the using observations as forecast, in the least-square 
sense, compared to [𝑄𝑛𝑎

𝑡 , 𝐴𝑛𝑎
𝑠 ], obtained from using 𝑛𝑎 as forecast. Fig. 

14 shows the RMSE between optimal solutions from the ideal case and 
each forecast; the lines represent the RMSE of the turbine flow 𝑄𝑡 (left 
axis), while the squares represent the RMSE of the sluice gate area 𝐴
𝑠
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Fig. 14. Left axis: RMSE of the control solution 𝑄𝑛𝑎
𝑡  (using 𝑛𝑎 as forecast) with 

respect to the ideal control solution 𝑄𝑛𝑜
𝑡  (blue line), and RMSE of the control 

solution 𝑄𝑛𝑓
𝑡  (using 𝑛𝑓  as forecast) with respect to 𝑄𝑛𝑜

𝑡  (dashed yellow line). 
Right axis: RMSE of the control solution 𝐴𝑛𝑎

𝑠  (using 𝑛𝑎 as forecast) with respect 
to the ideal control solution 𝐴𝑛𝑜

𝑠  (blue squares), and RMSE of the control 
solution 𝐴𝑛𝑓

𝑠  (using 𝑛𝑓  as forecast) with respect to 𝐴𝑛𝑜
𝑠  (yellow squares). (For 

interpretation of the references to colour in this figure legend, the reader is 
referred to the web version of this article.)

(right axis), for different values of 𝑇ℎ. As expected, for every value of 
𝑇ℎ, using 𝑛𝑓  as forecast, results in optimal control trajectories with 
lower RMSE, with respect to the optimal trajectories from the ideal 
case, than the trajectories obtained using 𝑛𝑎 as forecast.

4.3. Computational considerations and real-time implementation

As described in Section 3, increasing the horizon 𝑇ℎ reduces the 
fundamental frequency 𝜔𝑜; hence, for a fixed cutoff frequency 𝜔𝑐𝑜, the 
dimensions in the signal generator, associated with the moment-domain 
parameterisation, increase. Numerically, this increased number of fre-
quencies translates into a larger number of optimisation variables, i.e.
number of coefficients, 2𝜈, of the control vector 𝐿𝐮 (each control vector 
𝐿𝑄𝑡

 and 𝐿𝐴𝑠
 has 𝜈 coefficients). Additionally, higher dimensionality 

requires more collocation points 𝑁𝑐 to solve the residual function (16). 
To comply with the real time implementation needs of the receding-
horizon controller, the increased computational runtime should not 
exceed 𝑇𝑐 , assumed here to be equal to 1 h.

In this study, simulations were performed in Matlab®, using an 
active-set solver [20], with a timestep d𝑡 = 1.2 min. The PC used has a 
13th Gen Intel®CoreTM i7-1365U processor with 16 GB of RAM. Table  3 
shows, for varying 𝑇ℎ, the number of optimisation variables 2𝜈, number 
of time steps 𝑁𝑡 (i.e. 𝑇ℎ∕d𝑡), and the number of collocation points 𝑁𝑐 , 
which is chosen to be approximately 2𝜈. Fig.  15 shows, for the different 
𝑇ℎ considered throughout this section, the mean and maximum runtime 
of the 720 iterations of the receding-horizon control for the three cases 
10 
considered (using 𝑛𝑜, 𝑛𝑎 and 𝑛𝑓  as prediction). Simulation runtime is 
measured using the Matlab®functions tic and toc. The mean simulation 
runtime, for all three cases, increases almost linearly with 𝑇ℎ, and is 
relatively low compared to 𝑇𝑐 even with 𝑇ℎ = 30 h. The maximum 
runtime is always below 50 min, which is considered acceptable for 
real time implementation; however, if the weather-informed forecast 
is updated at each receding-horizon step, such low margin may be 
insufficient depending on the simulation time of the weather model 
used. 

5. Extended results: Cardiff lagoon project, UK

With the purpose of showing the consistent value of the proposed 
control framework across various settings, this section presents a fur-
ther case study in the Severn Estuary, in the UK, where the tidal range 
resource is one of the highest in the world [21]. Since both the tidal 
range resource and the storm surge are highly site specific, the aim 
here is to test the controller on a different location, and evaluate how 
general the previous results, obtained from the La Rance study case, 
are. The tidal barrage power plant, considered in this section, is based 
on the proposed Cardiff lagoon project, described in detail in [22]; the 
design parameters used to model the Cardiff lagoon are summarised in 
Table  4.

The distribution of storm surge in Cardiff, shown in Fig.  16, is 
between −1.5 m and 1.5 m. The observed tide 𝑛𝑜, astronomic tide 𝑛𝑎, 
and storm surge 𝑛𝑠, at the location of the proposed Cardiff lagoon, 
for the time period under study, are shown in Fig.  17. For the 720 h 
period considered here, the RMSE between 𝑛𝑜 and 𝑛𝑎 is 0.48 m, with a 
maximum tidal range of approximately 12 m, and a maximum absolute 
surge of 1.3 m, that is, around 11% of the tidal range (larger than the 
8% seen in the data used for La Rance, in Section 2.1).

The tidal barrage OCP is solved with the same receding-horizon 
moment-based control framework, used in the La Rance case, with 
𝑇𝑐 = 1 h, and the same range of values of 𝑇ℎ. Hence, the solution space, 
used in the moment-domain parameterisation, is the same for both the 
La Rance case and the Cardiff Lagoon case, at each value of 𝑇ℎ. As seen 
in Fig.  18, the ideal case, using the real observations 𝑛𝑜 at 𝛷𝑁

𝑓 , yields 
considerably more energy, compared with using only the astronomic 
tide 𝑛𝑎 as prediction. For every 𝑇ℎ considered, using 𝑛𝑎 as forecast, 
results in energy between 5% and 78% lower than the ideal case, and 
all energy values are below 93% of the maximum energy achieved in 
the ideal case. It is evident that, not only does the presence of storm 
surge affect the optimal control solution of the barrage, as seen in the 
case of La Rance, but that higher storm surge levels, relative to the 
tidal range, results in higher energy losses from using the astronomic 
tide alone as a forecast.

The study in [9] investigates the impact of storm surge on tidal 
range energy generation of different proposed projects across the west 
coast of the UK, including the Severn Estuary. The results from [9] show 
Fig. 15. Mean runtime (left plot) and maximum runtime (right plot) in minutes for different 𝑇ℎ, using 𝑛𝑜, 𝑛𝑎 and 𝑛𝑓 .
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Table 3
Simulation parameters for different 𝑇ℎ.
 𝑇ℎ [h] 8 10 12 14 16 18 20 22 24 26 28 30  
 2𝜈 38 46 58 66 74 86 94 102 114 122 130 142  
 𝑁𝑡 401 501 601 701 801 901 1001 1101 1201 1301 1401 1501 
 𝑁𝑐 39 46 58 67 73 86 96 101 115 124 128 143  
Table 4
Parameterisation of the Cardiff lagoon project, from [22].
 Parameter Value Unit  
 Maximum sluice gate area 𝐴𝑠 7200 m2  
 Number of turbines 𝑛𝑡 98 –  
 Turbines rated power 20 MW  
 Maximum turbine flow 400 m3/s 
 Sluice discharge coefficient 𝐶𝑑𝑠 1 –  

Fig. 16. Distribution of storm surge driven tidal level in St. Malo.
Source: Data from 2020 to 2024.

Fig. 17. Observed tidal elevation and astronomic tidal forecast, used as 
external inputs within the controller, and storm surge, at the location of the 
Cardiff lagoon.

that, with a fixed (not optimised) operational strategy, the simulated 
energy, generated using the astronomic tidal elevation as input, is up 
to 3% lower than the energy generated when including storm surge, 
for two-way generation, at lagoons located in the Severn Estuary. That 
is, the simulated impact of storm surge in energy generation is consid-
erably lower than that seen in this section, where the proposed Cardiff 
lagoon generates, at best, 93% of the maximum energy achieved in 
the ideal case, when using the astronomic tidal elevation as prediction. 
However, the results from [9] are not comparable with this study, since 
no optimisation is involved in [9].

Moreover, Fig.  18 shows a relative decrease in energy for 𝑇ℎ be-
tween 18 h and 24 h, similar to the case of La Rance (Fig.  8). In the 
Severn Estuary, as in St. Malo, the 𝑀2 constituent is the most pre-
dominant constituent; hence, as explained in Section 4.1, the solution 
space 𝜃, when 𝑇ℎ between 16 h and 22 h, poorly represents the system 
dynamics, because of the increased distance d(𝜔,𝜔𝑀2

) (Eq. (23)).

6. Conclusions

This paper presents a novel nonlinear receding-horizon moment-
based control framework, whereby weather-driven tidal variations can 
11 
Fig. 18. Left axis: Energy 𝐸 considering 𝑛𝑜 and 𝑛𝑎 to model the external input 
𝑛𝑒 at 𝛷𝑁

𝑓  in the case of the Cardiff lagoon, using different horizon lengths 𝑇ℎ. 
Right axis: Percentage difference in energy 𝛥𝐸 between using 𝑛𝑜 and 𝑛𝑎 at 𝛷𝑁

𝑓 .

be accounted for when addressing the tidal barrage OCP. It is seen that 
the horizon length 𝑇ℎ influences the control solution significantly, due 
to its direct relation to the structure of the input and solution spaces 
in the moment domain. Given the predominance of the 𝑀2 constituent 
in the tidal elevation, it is seen that the performance of the controller 
improves when the discretisation of the problem includes frequencies 
close to that corresponding to the 𝑀2 constituent.

Using only the astronomic tide as prediction, within the receding-
horizon controller, yields lower energy generation, compared to the 
ideal case of having a perfect tidal elevation forecast. This suggests 
that, within the locations considered, although the tides are broadly 
considered as deterministic, storm surge has a non-negligible impact 
on the optimal control solution, and subsequent energy generation, for 
tidal barrages. Furthermore, the results show that there is an increase 
in energy generation, during the time period under study, when adding 
a forecast of the weather-driven tidal variations in the tidal elevation 
prediction, compared to using only the astronomic tidal elevation. 
These results emphasise the value of including, if available, a weather-
informed forecast as input to the tidal barrage OCP, provided that the 
forecast is a better approximation (in the least-square sense) of the real 
tidal elevation than the astronomic tide. In this sense, the proposed 
control framework is suitable for online scheduling of tidal barrage 
operation, as it can effectively include real-time information of the 
tidal elevation, as well as an updated weather-informed storm surge 
forecast. The receding-horizon approach enables flexible scheduling of 
tidal barrages, whereby operation can be adapted throughout the day 
according to variable, and often unpredictable, weather conditions. 
Furthermore, optimal barrage operation can be efficiently computed 
using the moment-based control framework, enabling an hourly update 
of the control solution.

One of the limitations of this study is that the weather-driven tidal 
forecast used is not updated at each iteration of the receding-horizon 
controller. In general, the goodness of fit of weather forecasts decrease 
over time, which may lead to decreased controller performance when 
increasing 𝑇ℎ. Further research is needed to analyse the results when 
using periodically updated forecasts, which is not implemented in this 
study.
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