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Control-Informed Wave Prediction for Wave Energy Conversion

Siyuan Zhan, Member, IEEE, and John V. Ringwood", Life Fellow, IEEE

Abstract—Energy maximization (EM) control for wave energy
converters (WECs) is a noncausal control approach that explicitly
or implicitly involves feedforward from future wave predictions.
In the current noncausal control paradigm, the wave prediction
problem and the control problem are considered separately.
However, there is a lack of theoretical studies that elucidate the
mechanism by which inaccuracies in wave prediction deteriorate
EM control performance. This brief aims to address this gap
by integrating control considerations into the development of
wave predictors. Based on the assumption of a linear WEC, the
brief first revisits the linear noncausal optimal control (LNOC)
problem, establishing the connections between the control and
wave prediction problems. Assuming a known wave spectrum, it
is shown that the linear Gaussian process (GP)-based excitation
force predictor, which optimizes the conditional covariance of
excitation force prediction, also maintains statistical optimality
in the WEC EM control problem. Subsequently, a novel time-
series-based approach for direct acausal estimation is presented,
which achieves the same performance as the optimal predictor
but with significantly fewer parameters to determine. The imple-
mentation in practical scenarios with an unknown wave spectrum
is also discussed. Finally, a numerical simulation, based on a
benchmarked point absorber WEC (PA-WEC), is presented to
demonstrate the implementation process and the efficacy of the
developed predictor.

Index Terms—Optimal control, wave energy, wave prediction.

I. INTRODUCTION

AVE energy has the potential to contribute to carbon-

zero goals for countries and regions, with 29 500 TW
exploitable wave resources worldwide [1], but current tech-
nology is economically uncompetitive compared to wind and
solar. Studies [2] and [3] reviewed that effective energy max-
imization (EM) control strategies can significantly improve
the energy capture of WECs, without a notable increase in
installation and operation cost, which reduces the unit cost of
wave energy.

The EM control problem for WECs is essentially a non-
causal optimal control problem; that is, by using information
on future waves, the energy conversion efficiency can be
significantly increased [4]. Based on this principle, many
noncausal optimal control algorithms have been developed for
WECs, which can incorporate the recursively updated wave
prediction to increase conversion efficiency, including those
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methods based on dynamic programming [5], approximate
dynamic programming [6], and model-predictive control [7],
(81, [9].

When a WEC can be described by a representative linear
model, previous studies [10], [11] show that, at the cost of
not explicitly handling hard constraints, the noncausal WEC
EM control problem can be solved with a closed-form linear
noncausal optimal control (LNOC) law, consisting of a causal
feedback part of the WEC states, and an acausal feedforward
part of wave excitation force (WEF) estimation. The design
process of LNOC can be completed offline, and the imple-
mentation does not require online computation, which makes
it particularly attractive for WECs with complex linear dynam-
ics, for example, M4 in small to medium oscillations [12].

As most wave elevation and WEF predictors share simi-
lar techniques, the term “wave prediction” will be used to
represent both WEF and elevation cases. Many wave predic-
tion techniques have been proposed and adopted to provide
the noncausal information required in WEC EM optimal
control, which can be divided into two main categories.
The first category predicts future wave elevation, or WEF,
using measurements taken at one or more points at a set of
up-wave locations. By exploring the dispersion relation, and
with an appropriate design of measurement locations, this type
of method, for example, deterministic sea wave prediction
(DSWP), leads to a deterministic forecast of incoming wave,
which can obtain accurate wave prediction for tens of seconds.
The second category models the propagation of the wave
using time series models, from only the past wave information
available at the WEC position. Time-series-based approaches
have significant application advantages in terms of hardware
requirements, mainly because they only use measurements
from the WEC itself [13]. For example, an autoregressive
(AR)-based wave height estimator was designed to provide
references for the optimal tuning of a resistive controller in a
fuzzy logic framework [14]. An AR-based wave elevation pre-
dictor was developed in [15] to calculate the optimal velocity
reference that leads to the maximized energy output. Recently,
an AR-based predictor was developed in [16] to generate
future WEF prediction to provide noncausal information for
the LNOC.

For most of the operational (i.e., power producing) sea
states of WECs, ocean waves satisfy the Gaussian linear
process assumption [13], [17], which, for short horizons closer
to 20 min, can be further assumed stationary. Based on
this property, many time-series-based approaches have been
developed to provide essential noncausal information for WEC
control. For example, Fusco and Ringwood [18] compares
various time series models for surface elevation forecasting,
including harmonic models, and linear and artificial neural
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network-based AR models. The results show that a simple
linear AR model has good accuracy in swell waves, that
is, the sea states with the most energy generation potential.
GP-based models are developed in [19] to forecast wave eleva-
tion, based on wave spectral and past wave data, which shows
prediction optimality, in terms of the conditional covariance of
the prediction, assuming the linear stationary Gaussian wave
assumption is valid. Despite the major success in applications
mentioned above, there is a lack of theoretical foundations that
establish the relations between two critical problems, namely,
control and wave prediction.

This brief bridges the gap by theoretically investigating
the LNOC problem and wave forecasting from an integrated
perspective. First, the fundamental control formulation of
LNOC (as studied in [10]) is extended to include imperfect
predictions. This results in the formulation of a control law that
coincides with the perfect prediction case, with the addition
of a term articulating the performance degradation induced
by wave prediction inaccuracy. In this way, the control law is
formulated and the potential performance degradation is quan-
tified before controller implementation. Second, based on this
result, and assuming stationary Gaussian waves, it is proved
that the GP-based wave predictor leads to optimal control
performance. Subsequently, building on this theoretical study,
a novel time-series-based direct estimator (DE) is developed
to estimate the acausal feedforward component of the LNOC,
which preserves optimality, but with significantly fewer model
parameters to determine. This feature is particularly useful
for implementation in changing sea states or unknown wave
spectrum scenarios, as significantly less data are required to
initiate or update the DE. Finally, this theoretical study enables
the design of a causal control framework to solve the noncausal
WEC control problem.

The remainder of the brief is organized as follows. Section II
provides preliminaries of the WEC control and prediction
problem, including WEC modeling, control problem formula-
tion, the estimation of state, and WEF. Section III formulates
the LNOC, where the connection between the control and
prediction problems is established. In Section IV, after study-
ing the estimation/prediction problem for the acausal part, a
novel DE is developed and some implementation issues are
also discussed. Numerical simulation results are presented in
Section V. Finally, Section VI concludes the brief.

Notation: Let R", and R%*?, denote the space of all real
n-dimensional vectors, and all a-by-b-dimensional matrices,
respectively; 0,x,, denotes an n-by-m matrix in which all
elements are equal to zero; Z,., and Z5, denote a set of integers
from a to b, and greater than or equal to a, respectively.
For column vectors z; and z», [z1,z2] denotes a column
vector [z z317. Zap = [24>Za+1,-- - 25). For vector a € R”,
llally := (@™ Ma)"/?; £, denotes its variance matrix. For two
vectors a € R" and b € R™, X,, denotes the covariance matrix
between a and b.

II. PRELIMINARIES
A. Modeling
For demonstration purposes, this brief presents the results
based on a PA-WEC restricted to heave motion only, with a
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Fig. 1. Dynamic diagram of the float (SWL: still wave level; PTO: power
take-off unit; fi,q(?): radiation force; fex(7): excitation force; f;,(¢): hydrostatic
restoring force; f,(f): PTO/control force; and v(¢): heave velocity).

focus on predicting the WEF. However, the proposed method is
generic and can be applied to other types of WECs with linear
models and to predict wave elevation or WEF. Fig. 1 shows
the schematic of the PA-WEC. Assuming linear potential flow

my () = = fu (1) = fraa () + fex () + fu () (D

where m is the mass of the float. f,(f) is the manipulatable
power take-off (PTO) force. fix(?) is the WEF. The hydrostatic
restoring force f,(#) is modeled by

Jn (D) = kpz (1) (2)

with heave displacement z(f) and hydrostatic stiffness &, =
pgS,, where p, g, and S,, denote the water density, gravita-
tional acceleration, and the cross-sectional area of the buoy,
respectively.

Jfrad() is the radiation force that models the frequency-
dependent damping effect of the heaving oscillated body
producing radiated waves to the surrounding fluid. With a stan-
dard assumption associated with linear potential theory [20],
the radiation force can be modeled by a linear convolution of
the radiation impulse response /,(f) and heave velocity v(f)

Faa () = / by (v (t=1) dr+ mey (0 3)

where m., is the added mass asymptote at an infinite frequency.
These two terms can be calculated via hydrodynamic codes
such as NEMOH [20]. To develop a control-oriented model, a
state-space model with minimal realization is used to approx-
imate fiq(#) in (3)

X (1) = Arx, () + By (t)

fraa@® =Crx, () + D (1) = /

—00

t

h-(Dv(E—-1) dr 4)

where (A,, B,, C,, D,) and x, € R™ are the state-space matrices
and the associated state vector, respectively.

With (2) and (3), dynamic equation (1) results in the well-
known Cummins’ equation [21]

(m 4+ meo) v = fox () — kpz (1)

—/ he (D) v(t—1) dt + f,(1). (5
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B. WEC Control Problem Setup

Defining the state vector x(¢) := [z(¢), v(¢), x,(1)] € R, with
the dimension of the state n, = 2 + n,, the control input
u(t) = f,(f) € R and disturbance input w(r) := fix(f) € R, the
following state-space model from Cummins’ equation (5) can
be established:

x(@) = Acx(t) + Bueu (1) + Byew (1) (6)
with coefficients
0 1 01 Xn, 0
_ ky D, C, _ _ 1
Ac - _M/ v M ) ch - Buc - M (7)

On, x1 Br Ar On, x1

and M := m+m. The instantaneous power, with consideration
of the quadratic dissipation effect in the PTO [22], can be
expressed by

p @) = =v(@O)u(t) = (1/2) r () ®)

with r > 0.

Remark 1 (Passivity/Dissipativity): A WEC device is pas-
sive, that is, a WEC cannot convert more energy than it
absorbs from ocean waves. Due to this passive nature and
dissipative effect in the PTO and in the WEC hydrodynamics, a
(strict) passivity condition in the energy sense, or equivalently
a (strict) dissipativity condition in the signal-theoretical sense,
with respect to a supply rate defined as —p(#), needs to be
imposed during the WEC modeling process. For passivity-
enforcing modeling, or ad hoc passivity restoring methods,
please refer to [23] and [24] for details.

To simplify the formulation and to match the receding-
horizon implementation manner of LNOC with recursively
updated wave prediction, this brief adopts a discrete-time
(DT) control formulation similar to [10]. Accordingly, the
continuous-time control-oriented model (6) is converted into
the following DT model, using the standard zero-order holder
(ZOH) convention, with a sampling time period #,:

X1 = Axg + Buug + By,wy &)

where (A, B, B,,) are the DT state-space matrices.

Following the passivity/dissipativity-preserving discretiza-
tion approach of [25], the energy captured for one sampling
interval starting at k, is modeled by:

(k=+1)ty

e = f,  p(dr

=- [%Rui +ug (S exp + Ska)i| (10)
where R = t,;r, S, := C,(A-1), S, := C,B,, and C, :=
[1 O1x(u—)]-

Since WEC operation does not have a natural termination,
but one can only obtain wave forecasting (with sufficient
accuracy) up to a horizon N, WEC EM control aims to solve
the following problem at each time instant, recursively, such
that the recursive updates on wave excitation prediction can
be incorporated:

N .
P ll;f kZO:L(Xk,Mk,Wk)
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S.t. Xpy1 = Axg + Byug + Bywy, k€ Zon-y
X1 :Axk+BL¢Mk keZN:oo (11)
with stage cost defined as L(xg, ux, wy) 1= —ex = 1/2Ru% +

ur (S 1 xx + S ,,wg), such that minimizing the cost corresponds to
maximizing the extracted energy. Following a similar manner
to receding horizon control, only the first element of the
solution solving Py, that is, u, is applied as the control input.

The assumption wy = 0 for k > N is motivated by
performance considerations. Recent work [26] has shown that
this formulation leads to an optimal control law consistent
with those obtained from stochastic MPC, where w; beyond
the prediction horizon is modeled as a zero-mean Gaussian
distribution. From a physical perspective, setting wy = O for
k > N can also be interpreted as representing the remaining
kinetic energy temporally in the WEC mover, which will
eventually be converted into electricity.

III. LNOC FORMULATION WITH IMPERFECT PREDICTION

This section establishes the connection between the EMC
problem PV, and the prediction problem for WEF.

By partitioning the infinite state trajectory into Xgp.., =
[X0:n-1,XN:0] and the input trajectory into up. =
[20:n-1,UN.], the optimal control problem beyond horizon N
reduces to a standard unconstrained, undiscounted, and indefi-
nite linear quadratic optimal control (iLQOC) problem, which
can be solved analytically in closed form by exploiting the
passivity/dissipativity-preserving discretization together with
recent results on iLQOC in [27] and [28].

Therefore, the infinite-horizon problem PV, defined in (11),
can be equivalently reformulated as the following finite-
horizon control problem:

PV min VY, st xep = Ax + B+ Bowp (12)
with the control cost function V(I)V defined as
VY = ZVVL o, wg, wi) + (1/2) x5, Pxy (13)

where the superscript N and subscript O represent the predic-
tion length and current time instant, respectively; the stage
cost L(xy, ug, wy) is defined in (12), while P is calculated from
the following DT algebraic Riccati equation (DARE):

P=ATPA—(S,+ BJPA)' (R+B"PB)"' (S, + BJPA). (14)

Next, the following results on LNOC, when fully accurate
WEF prediction is assumed, are recalled.
Lemma 1: With known wo.y_;, PV can be solved with

UZ = Kxx + Kowi + KgSit1, k € Zon-1

(15)

where K, = —(R + B/ PB,)"'(S, + BJPA), K, = —(R +
BIPB,)"'(S, + BIPB,), K, = —(R + BIPB,)"'B], and the
time-variant s is determined recursively from the difference
equation

(16)

S = Dspp +Pwr, sy =0, x1

with coefficients ® := (A + B,K,)" and ¥ := OPB,, + K|S ,,.
Lemma 2: The resultant optimal cost function Vév * takes a
quadratic form in xo, that is, V)" = 1/2x] Pxo + xJ so + ao,
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where P and sy are determined from (14) to (16), and qg
depends on wg.y_1.
Proof: The proof of Lemmas 1 and 2 is detailed in the proof
of Theorem 1 in [29]. O
Based on Lemmas 1 and 2, a LNOC can be developed. The
calculation of s from the backward iteration in (16) can be
further simplified as

sn-1 = Osy +Pwy-_1 = Pwy-

— A j—-N+2
Sy—2 = Psy_1 + Pwy_p = Zj:N—2 @iN+ Yw;

s1= Osy +Pwyo = 27;11 O ;.

Remark 2: The corresponding optimal control policy, with
accurate prediction information on WEF, can be further sim-
plified into matrix multiplication

up = Kyxo + Kywo + K1

= Kyxo + Kgwo.n-1 17

where K, := [K,, K;¥ K@Y ... K@V 2Y].

So far, the LNOC (17) is formulated in a matrix multi-
plication form, which consists of 1) a feedback part (causal)
from the current state ug,o := K.xo and 2) a feedforward
part (noncausal) from the predicted disturbance sequence
ugro = Kgwo.n-1.

However, in reality, perfect information on the future exci-
tation force cannot be retrieved, and the use of imperfect
previews will inevitably result in performance degradation. To
establish the connection between prediction error for WEF and
the control performance for LNOC, the formulation of the joint
control and prediction problem is initially tackled by denoting
the imperfectly predicted wave prediction sequence by

Won-1 1= [Wo, Wi, ..., Wn-1] (18)
and the controller using imperfect wave preview as
iy := Kyxo + Kgwon-1. (19)

The subsequent result characterizes how the prediction error
of wo.y-; influences control performance.

Define Vév * as the best achievable cost over horizon N,
given that the first control action is fixed as uy = u

N-1
. T
min E L (xp, ug, wi) + %xNPxN
ULyeey UN-1 =0

S.t. Xg+1 = Axy + Byug + Bywy,

Ny, _
Vo' o=

uy = Uu.
Theorem 1: For an arbitrary bounded control law u

1
51

Proof: Observe that any bounded u can be rewritten as y =
uy + fo, where fo denotes the departure from the optimal
control input ug. The best achievable cost Vév *#, with the first
control action fixed as u, can be expressed in the following
incremental form:

N.u N* _
Vol =Vy =

. 2
Uy — ”“R+B;PBH .

Vo' = L(x, s wo) + VIV (20)
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where the second term V{¥ ~1I" depends on state x;. By applying
Lemma 2, using state x; and a prediction horizon of N — 1,
we get
w1

V{V_l = ExlTle erlTsl + ay.
By substituting x;, u, and V{V‘l* in (20) with x; = Axg +
By + Bywo, u = Kixo + Kywo + Kgs1 + fO’ and (21),
respectively, (20) leads to

2L

1 1
v = Engxo + xg 50 + ao + 3 ||f0||12e+B;PBu (22)

where ap = _1/2”wa0 + Ks51||12g+35p3u + 1/2”BWW0”%J +
wg Bls1 + a;. Since R + B, PB, > 0, V! takes its minimum
(optimal) value V{)V " when u = ug, and, for any bounded u # uy,
the associated cost satisfies

- 1
Ny _ yN* 2
Vo' =Vo + 3 Il follz-+57 s,

which completes the proof. O

Remark 3: With Theorem 1, the connection between the
control problem of EM and the prediction problem of the WEF
can be established by setting u = i

2
R+B; PB,

N,itg Ny _ 1
Vo ' =V —§|

Ak

U — Uy

= LKy won-1 — wO:N—l)l|12Q+BIPBN .
In Remark 3, V(I)V o _ VY™ quantifies the performance loss
incurred by using fi; instead of the optimal input uy.

The estimation problem, with the consideration of control
performance, is to parametrize an estimate of wy.y_;, such that
the expected cost for prediction

Jp =E (”Kd (wo.n-1 — wOiN—l)Il%‘*‘BJPB”) 23)

is minimized. The factor 1/2 is omitted for simplicity, as it
does not affect the optimization outcome. In Section 1V, a
time-series-based predictor, that maximizes the energy output
by minimizing the expected cost J,, will be formulated.

IV. PREDICTIONS FOR LNOC

This section presents the predictor formulation. First,
Section IV-A reviews the results of the WEF prediction using
GP theory. Then, Section IV-B presents the formulation of the
novel DE based on GPs, supported by theoretical statistical
studies. Perfect knowledge of the wave spectrum will be
assumed in Sections IV-A and IV-B to show the theoretical
statistical properties. The implementation, including predictor
formulation without using wave spectral information, will be
discussed in Section I'V-C.

A. GP-Based WEF Predictor

The result of a GP-based WEF predictor, developed and
analyzed in [13], is initially recalled here.

Define the sequence of vectors of excitation force, w_p._;
and wo.y_; for the estimation problem as

(24a)
(24b)

) H
X :=[wy-1,wh2,..,w1] €R

Y := [wo, wi,...,wy] € RY.
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Following the properties of a linear stationary GP, the
following variance-covariance matrices are determined by:

B ro e erl_
Xxx =
_rH—l ro i
B ro N rN_1_
Zyy =
L7N-1 e ro |
ryg e rH+N_1
Sxy = Zpy = (25)
ri N rn

where each element r; is the autocovariance function (ACVF)
defined as

rp = Ek (wkwk+i) . (26)

Additionally, r; takes its maximum value at i = 0, where ry =
o2, where o is the variance of the Gaussian process wy.

Remark 4: The ACVF, defined in (26), can be obtained
alongside the spectral density function (SDF) from the Fourier
transform of wy, according to the Wiener—Khintchine Theorem
[13], [30].

To show the theoretical properties, in Sections IV-A
and IV-B, the following assumptions are made.

Assumption 1: Suppose the following assumption holds
for wy.

1) Past information on the WEEF, that is, wy, k € Z, is

perfectly known.
2) The WEF wy, can be modeled by a stationary, linear GP.
3) The ACVF of wy, defined in (26), is available.

The optimal WEF prediction problem aims to minimize the
expected accumulated prediction error

N-1
Jwer = B (Z (Wi — wk)) (27)
k=0
for a direct multistep (DMS) WEF predictor structure
WoN-1 = OGP-WEFW-H:—1 (28)

where ®GP—WEF S RNXH

determined.

Next, WEF predictor is parameterized using GP theory.
When X is known, the conditional distribution of Y, given X,
Y|X, is also described by a multivariate Gaussian distribution
[31], with a conditional mean uyjx and a variance Zyx

is the predictor coefficient to be

Uyix = ZyxZyxX

Ty = Zyy — Zyx Iy Zxy- (29)
Therefore, the prediction of wo.y—; is given by uyx as
Wo.n—1 = Hy)x = OGP-WEFW-H:-1 (30)
with the optimal estimator coefficient
Ocp-weF = ZyxZyx- (31)

The predictor in (30) is termed the “theoretically optimal
predictor” in [13], which, under the assumption of a perfectly
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known ACVF, minimizes the accumulated WEF prediction
error (27). However, as shown in Section III, to optimize EM
control performance, the WEF predictor must be evaluated by
the cost function for prediction J,, defined in (23).

As X := w_g._; has already occurred, the conditional
covariance given X coincides with the covariance. Therefore,
the corresponding cost function for prediction (23), when
the GP-based optimal WEF predictor (30) is used, can be
calculated as

: . 2
Jep-wer = E (”Kd Won-1 — Wo;N71)||R+B;pB“)

=5 (IKs w1 = Bon- Ik a7m, [X)
= K4 E (Iwo.n-1 = Won-I* |X) K] (R + B;, PB.)
= Ka (Zyy — ZyxZxxZxv) K; (R+ B, PB,). (32)

B. DE Formulation for the Acausal Part

Since, to optimize control performance, the goal of exci-
tation force prediction is to minimize the deviation between
ﬁff,o = KdWQ;N_l and Urro = KdWQ;N_l, the linear GP model
can be modified to directly construct fis .

Recall X and Y defined in (24). To formulate the GP-based

DE, a new parameter to be estimated is introduced as
Z = Urro = K;Y e R. 33)

The corresponding variance/covariance matrices of the aug-
mented vector [X, Z], that is, Zxx, Xxz, Zzx, and X7z, satisfy

Txx  Xxz | _ |1 Zxx  Zxv | |1
X7x  Xzz Ki||Zyx Zyy K;

which leads to
Txz =Xy = ZxvK;, Zzz = KiZyvK] . 34)

Similarly, with known X, the conditional distribution of Z,
given X, Z|X, is also described by a multivariate Gaussian
distribution [31], and the conditional mean pyzx and variance
2z1x satisfy

Uzix = ZzxZxx X,
Yox = 27z — Zzx Tk Zxz-

Therefore, the direct estimate of usrg is given by

fifr.0 = pizix = Ocp-DEW-pi—1 = ZzxZxxW-rm1 (35)
where the optimal parameters of the DE
®GP—DE = szz)_(;( € RIXH (36)

only require H parameters to be determined.

With the DE formulated in (35), the corresponding cost
function for this direct ug estimator Jgp.pg, defined in (23),
when using the estimator (35), takes the value of

Joppe = E (“Kd (Wo.n-1 — wO:N’l)HIZQ—&-BIPBu)
=E (Hﬁff,o — U ”12€+BIPB,,>
=E (Hﬁfﬁo ~ ol \X) (R + B] PB,)

= (222 - ZzxZxkZxz) (R + B, PB,) . (37)
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The statistical relations between the GP-based WEF pre-
dictor (30) and the GP-based DE (35) are established in the
following Theorem.

Theorem 2: Suppose Assumption 1 holds. The calculation
of uy using the GP-based WEF predictor (30)

ity = K«xo + Ki®Ocp-werpW—_p:—1
and using the GP-based DE (35)
ity = Kyxo + OGp.pEW-H:-—1

lead to an identical result for all bounded sequences w_g._| €
RA. Moreover, both methods of constructing #;, lead to optimal
control performance, in the sense that fully accurate infor-
mation on the future WEF is unavailable and a linear AR
predictor is used.

Remark 5: Theorem 2 shows that the novel GP-based
DE achieves the same statistical optimal performance as the
GP-based WEF predictor, but has significantly fewer deter-
mining parameters (H parameters for DE compared with
N x H parameters for the WEF predictor), making it easier to
formulate without spectrum information, and easier to adapt
to the change of sea states.

Proof: The equivalence of cost can be established by com-
paring Jgp.wer and Jgp.pg in (32) and (37), respectively, and
using the relation in (34).

To show optimality, one first observes from (37) that, since
R + B, PB, is a fixed scalar, minimizing J, is equivalent to
minimizing

E (||ﬁff,0 ~ gzl |X)

which can be solved by the GP-based DE (36) [31]. This
implies that the GP-based DE solves the optimal estimation
problem (23). Therefore, the proof is completed by applying
Theorem 1 to establish the connection between the optimal
control problem and the optimal estimation problem. O

So far, the GP-based DE has been formulated and its theo-
retical statistical properties studied based on the idealized, but
unrealistic, Assumption 1. In Section I'V-C, the implementation
challenges for nonideal cases will be addressed.

C. Implementation

When WEF spectral information is unavailable, or the sea
state changes gradually, a practical approach is to identify
®pg using operational data. By converting the stored data into
Wi—mk=1, Ur e = Kgwiekgn-1) for k € Zy.y,, with N, denoting
the number of the data points collected, the parameterization
problem for ®pg can be written as

N,

Ax . . 2
Opg = arg Tun 2 : |®pEWk-rris-1 ”ff»k”RJrB,TPBu
k=1

(38)

using linear least squares (LLS) methods. For completeness,
the following training using batch least squares (BLS) is
employed for demonstration, though other LLS methods like
recursive least squares (RLS) can also be used:

A —1 T
Obe = [ (XqusWXars) ™ XausWais | (39)
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Fig. 2. Causal framework to implement LNOC, consisting of (a) control law
up = Ky&x + OLpWi-gk-1, (b) WEF estimator, and (c) DE Opp for us
estimation.

where Xprs = [Wi—g0, Wa-m1 ... Wn,-m:N,-1]", YBLs =
[delzN KdWQ;N_H e KdWN,:N,-i-N—I]T, and W:=R+ BIPBH.

For most WECs, due to the nonmeasurable nature of WEF
and radiation force states, observers are needed to estimate x
and w.

The WEF estimator design problem, focused on estimating
X under unknown disturbance wy, is a well-studied problem
(see [32] for a benchmark study on several popular WEF
estimators). As detailed WEF estimation is beyond the scope
of this brief, interested readers are referred to [32] for the
design details.

With the WEF estimator from [32], and the proposed DE
for the acausal part, the noncausal control framework can be
realized using a simple-to-implement causal block diagram, as
shown in Fig. 2.

V. NUMERICAL SIMULATION

In this section, numerical simulations are presented, based
on a benchmarked PA type WEC with the parameters adopted
from [10] and [33]. The state-space approximation of the
radiation dynamics (3) is

[0 0 -179 38.6
A,=|1 0 =-177|, B.=|379
0 1 -441 89
:0 T
c,={0| , D.=o0.
1

The simulation parameters are r = 5 X 1073 for (8), and
sampling period #; = 0.1 s. Based on [32, Sec. II-D], a WEF
estimator is designed to reconstruct full state information x at
the current time step k and the WEF w up to time step k — 1.

After solving DARE (14) for P, the control coefficient K, =
[32.59 —54.31 0.75 —1.95 —5.40] is calculated from (15), and
K, from (17), shown in Fig. 3.

The DE is formulated based on the available wave spectral
information. The simulation uses a segment of the WEEF,
shown in Fig. 4(a), generated from a JONSWAP spectrum,
with a significant wave height H; = 2.5 m, peak period
T, =4 s, and peakedness factor A = 3.3.!

'A slight shift in T, is introduced to avoid the repetitive nature of the
JONSWAP wave, starting from T, = 4s at the beginning of the simulation
and increasing to T}, = 4.005 s by the end of the 200-s simulation.
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Fig. 3. Feedforward coefficient K;, whose magnitude converges to zero as
the prediction step increases, due to the asymptotic stability of the closed-loop
system @ := (A + B,K,)".
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Fig. 4. (a) 200-s WEF used for simulation, generated from a JONSWAP

spectrum, with a significant wave height H; = 2.5 m, peak period 75 = 4.5 s,
and peakedness factor 4 = 3.3. (b) ACVF, calculated from the inverse Fourier
transform of the available WEF SDF.

The ACVF r; is calculated by applying an inverse Fourier
transform to the available SDF, with the ACVF profile shown
in Fig. 4(b). Then, the parameter of the DE ®@gp.pg is calcu-
lated from (36), where Xxx and Xyy are determined from the
ACVF by (25), and Xz is calculated from (34), respectively.

Next, a time simulation is presented, based on the WEF
profile shown in Fig. 4(a), using the following controllers.

1) “Causal:” w; = K,xx, using no WEF prediction.

2) “Accurate:” u, = Kyxp + KqWik+n-1, using 100%
accurate WEF prediction.

3) “GP-WEF:” up = Kxxk + Kd®GP—WEka—H:k—1, using the
GP-based WEF predictor parameterized with (31).

4) “GP-DE:” u; = K.x; + Ocp.pDEWi-H:4—1, Using the novel
DE parameterized with (36).

5) “LLS-DE:” u;, = K,x;, + @)ngk—H:k—l, using the novel
DE parameterized using LLS (39), based on 2 min of
collected data.

Fig. 5(a) shows a 200 s simulation, with a WEF prediction
horizon of 8 s (corresponding to 2x the peak period), and
a look-back horizon of 30 steps (corresponding to 3 s). As
in the formulation process, K;®gp.wer = ®gp.pg, GP-WEF
and GP-DE lead to identical results, with 5.24 kJ generated,
compared with 5.54 kJ generated with LNOC with accurate
WEF prediction, and 5.22 kJ using LLS-DE parameterized
from 2 min of training data. All three LNOC with realistic
predictors significantly outperform the causal controller of
4.67 kJ, by at least 11.78%.

To further test the efficacy of DE, the WEF prediction
horizon is varied from 0.1 to 15s. As shown in Fig. 5(b),
LNOC with the ideal, but unrealistic, accurate WEF
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Fig. 5. Simulation results based on WEF profile shown in Fig. 4(a).

(a) Accumulated energy produced by all five controllers (time simulation)
with a WEF prediction length of 8 s. (b) Accumulated energy produced versus
different WEF prediction lengths N (comparison across prediction scenarios).

prediction generates more energy as the prediction horizon
increases. Meanwhile, the DE, with both parameterization
methods, demonstrates similar performance. Specifically, the
DE, parameterized using only 120 s of data collected during
operation, achieves over 99.5% of the performance of the
DE, parameterized using a GP and the available WEF spec-
trum information. This highlights a major advantage of the
LLS-DE approach, since it adapts more quickly to changing
sea states. This benefit arises from the novel DE formulation,
which significantly reduces the number of parameters to be
determined.

VI. CONCLUSION

This brief examines the WEF prediction problem in the
context of LNOC for WECs with linear dynamics. By investi-
gating the relationship between the optimal control problem
and the optimal WEF prediction problem, a novel DE is
developed to estimate the acausal component of the LNOC.
This new approach is both optimal and simple to parametrize.
Numerical simulation demonstrates the effectiveness of the
proposed methods, paving the way for the development of
a near-optimal causal control framework, having the wave
predictor integrated, with enhanced theoretical guarantees.
These findings offer significant potential for improving the
practical implementation of WEC control systems. It is worth
noting that, in this work, input and state constraints were not
considered in order to derive a closed-form analytic solution of
LNOC. In future work, we will extend the results to a model-
predictive control framework for WEC EM, where safety
constraints on states and inputs, as well as nonlinearities, can
be incorporated.
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